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&bstract. Chaos and unpredictability in some classical dynamic 
systems are eliminated by referring the governing equation to a 
specially selected rapidly oscillating (non-inertial) frame of 
reference in which the stabilization effect is caused by inertia 
forces. The resulting motion is found as a sum of smooth and 
non-smooth (rapidly oscillating) parts. The solution is stable 
and reproducible in the sense that small changes in initial 
conditions lead to small changes in both smooth and non-smooth 
components. In this interpretation, conceptually the closure 
problem in turbulence is reduced to the problem of finding such a 
frame of reference where the high Reynolds number instability is 
eliminated. The usefulness of the approach is illustrated by 
examples. 
INTRODUCTION 
The interest in the problem of chaos 
and unpredictability in classical 
dynamics arose more than a hundred 
years ago in connection with the 
closure problem in the turbulence 
theory, and it was stressed by recent 
progress in dynamic system theory, 
especially, after the discovery of 
strange attractors [l]. 
It is well known that chaos in 
turbulence is characterized by highly 
complicated trajectories of the 
particles which are supersensitive to 
vanishingly small changes in initial 
conditions. As shown in [Z], [3], 
chaos in classical dynamics is also 
associated with the instability of 
trajectories (i.e., orbital 
instability) if these trajectories are 
considered in a specially selected 
configuration space. In both cases 
there is no alternative steady state 
(classical attractor). 
It is important to emphasize that 
the absence of a classical attractor 
(which is necessary for chaos) can be 
associated only with orbital 
instability. Indeed, if the velocity 
of a particle is decomposed as v =v II 
( nis the unit vector along the 
trajectory), then the classical 
and orbital instabilities are 
identified with instabilities of 
v and n, respectively. In other 
words, the classical instability 
is characterized by large deflections 
Of the total kinetic energy of the 
particle, while the orbital instability 
is associated only with redistributions 
of this energy between different 
coordinates. 
Now it is clear that the absence 
of classical attractors.in the course 
of classical (Liapunov) instability 
would mean the unbounded growth of the 
velocity v, i.e., of the total energy 
which never can occur in real 
situations. At the same time, the 
orbital instability leads only to the 
unbounded growth of the distance 
between trajectories, and therefore, 
the absence of classical attractors 
does not contradict the finiteness 
of the total energy of the particle. 
Thus, chaos is originated from a 
special type of instability which 
is characterized by unlimited decrease 
of the scale of motions rather than by 
unlimited growth of certain parameters. 
At the same time, it is clear that 
chaos would not occur at all if the 
initial conditions were known exactly. 
This suggests that mathematical models 
are supposed to be related to the scale 
of observation of the motion. Indeed, 
an observer with a @*microscope" of 
resolution L cannot examine all the 
details and irregularities of the 
microstructure of a function having the 
scale a << L. Therefore, such a 
function is considered as a non-smooth, 
or non-differentiable function. 
However, the solutions for orbitally 
unstable systems are characterized by 
vanishingly small scales L +O, and 
consequently chaos can be characterized 
as an instability in the class of 
smooth functions. 
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Therefore, chaos as well as other 
types of instabilities is supposed to 
be related to a certain ClaSS Of 
functions, and consequently, it can be 
eliminated by enlarging this class, __ 
i.e., by changing the way of the 
mathematical description of the same 
physical phenomenon. The same idea in 
a more general form was expressed by 
the creator of fractal geometry, R. 
Mandelbrat [4]: "The notion that 
numerical results should depend on the 
relation of object to observer is in 
the spirit of physics in this century". 
In modern terminology, the enlarging 
of the class of smooth functions can 
be performed by introducing fractals. 
However, in this article for better 
physical interpretation we will use 
the concept of multivaluedness as an 
alternative to smoothness. This means 
that a function microstructure of the 
scale fi << L is interpreted as a set 
of different values which correspond to 
"almost" the same value of the 
argument. The simplest representation 
of multivalued functions are given by 
a periodic function with a vanishingly 
small period: 
fif(&) . al+- 
Indeed, for an arbitrarily small time 
interval At there always exists such a 
large frequency w > At/an that within 
this interval the function f runs 
throughout all its values. Physically 
this function can describe, for 
instance, a rapidly oscillating force 
field. 
In this article the idea of eliminating 
chaos by enlarging the class of smooth 
functions and introducing multivalued 
functions has the following physical 
interpretation: It is well known that 
a rapidly oscillating force field can 
stabilize a mechanical system if the 
amplitude of the force is appropriately 
coupled with the parameters of the 
system [5]. However, the same effect 
can be attained if the motion of the 
system is referred to a rapidly 
oscillating frame of reference: in 
this case the relative motion will be 
stabilized by the rapidly oscillating 
field of inertia forces. 
As shown in [2], the chaotic 
instability of mechanical systems can 
be eliminated due to the stabilization 
effect of inertia forces induced by 
rapid oscillations of the frame of 
reference if the amplitudes of these 
oscillations are appropriately coupled 
with the relative motion. It is worth 
mentioning that this stabilization 
effect has the same nature as the 
effect of a rapidly oscillating field 
on mechanical systems. In this 
article the same strategy will be 
applied to turbulence. 
The problem of turbulence arose almost 
a hundred years ago as a result of a 
discrepancy between theoretical fluid 
dynamics and applied problems. However, 
in spite of considerable research 
activity, there is no general deductive 
theory of high Reynolds number 
turbulence: the direct utilization of 
the Navier-Stokes equations leads to 
unstable and unpredictable (Chaotic) 
solutions. 
The central problem of turbulence 
theory is to find suitable methods of 
converting the infinite hierarchy of 
equations following from the averaging 
process of Navier-Stokes equations 
into a closed set. New developments 
and achievements in this direction are 
presented in 161, [7]. 
This article is based upon a different 
interpretation of the closure problem. 
Indeed, the problem arose because of 
the instability of solutions to high 
Reynolds number of the Navier-Stokes 
equations. Therefore, the closure 
problem should be associated with the 
stabilization of these solutions by 
enlarging the class of functions 
describing the velocity field. 
Turning to the Navier-Stokes 
for an incompressible fluid: 
$!+“o”-“v2”+~vP=o , 
P 
equations 
v.v=o 
(1) 
where v, p, p and "are the velocity, 
density, pressure and kinematic 
viscosity, respectively, we will try 
to find a frame of reference which 
provides the best **view** of the motion 
by eliminating its instability. 
The guiding principles'for selection of 
an appropriate frame of reference are 
the following: First, the scale of 
its transport motion is supposed to be 
much smaller than the scale 
characterizing the examined turbulent 
motion. Second, this transport motion 
should be appropriately coupled with 
the relative motion in order to 
stabilize it. 
1. Governins Eouations in the New 
Frame of Reference. Suppose that the 
turbulent motion is characterized by 
the time scale T and the distance scale e 
over which changes of the flow 
parameters are negligible. Then the 
transport velocity can be sought in 
the form of a periodical function of 
time: 
c = ; f(&) * 1 2n/w w>>-, f2 dt = 1 
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and for the resultant velocity: 
* 
” I ” + ; f(d) (s, 
where < is the relative velocity. 
Both velocities V and + are 
characterized by the same scales land 
a, i.e., 
while the distance L between 
frame and the inertial frame 
reference has the order: 
(4) 
the new 
of 
i.e., in terms of displacements both 
frames of reference practically 
coincide (although the additional 
inertial forces are not small). 
Substituting the decomposition (3) 
into Equation (l), then integrating 
them with respect to time over the 
small period Zn/ w one obtains: 
avtvv”-v~~vt 
at 
.&I = 
P (6) 
_;v’;, v.v=o 
where the right-hand side of the first 
equation represents the inertial 
forces per unit mass. 
The stationary version o-f this equation 
formally coincides with -the Reynolds 
equation. However, here the mean 
and the fluctuation components are 
interpreted as relative and transport 
velocities in a non-inertial frame of 
reference. Obviously, the fluctuation 
velocity must vanish at rigid 
boundaries, otherwise these boundaries 
will not be smooth in the new frame of 
reference. 
It is important to emphasize that 
Equation (6) was derived under the 
assumption that the original velocity 
3 is not smooth, and only because of 
that the relative velocity v in the 
rapidly oscillating system can be 
smooth. This means that applications 
of the same procedure $0 an originally 
smooth velocity field V cannot be 
effective; the non-smooth components 
of the transport and relative 
velocities will eliminate each other. 
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2. The Closure Problem. So far the 
amplitude V of the oscillating 
transport velocity (1) has not yet 
been specified, while it can be chosen 
as an arbitrary function of time, 
coordinates, or the relative velocity 
V. 
We will try to find such a function: 
that the system (6), (7) has a stable 
solution: 
v=v(r,t) , G=7 (r,t) (8) 
and therefore, after returning to the 
original inertial frame of reference 
the resultant velocity is presented as: 
c = v + irf(et) , 0 >> l/r (9) 
i.e., as a sum of the mean motion and 
the fluctuation motion. The 
fluctuation velocity in Equation (9) 
can be treated as a multivalued 
function of time. Equation (5) 
effects the closure of Equation (4), 
playing the role of a feedback. 
Thus, the closure problem in the 
theory of turbulence can be interpreted 
as the following: the solution to the 
high Reynolds number Navier-Stokes 
equations is sought as a sum of a 
smooth component (the nmeana velocity) 
and a non-smooth component represented 
by the multivalued (fluctuation) 
velocity, while the non-smooth part is 
selected as a feedback which stabilized 
the solution. In other words, in this 
interpretation the closure in 
turbulence is not a rheological 
problem; rather, it resembles the 
problem of control theory. 
The closure problem is significantly 
simplified if the criterion of 
instability of the original 
Navier-Stokes equations can be written 
in an explicity form like, for 
instance, in the case of high Reynolds 
number Taylor instability: 
d2k < 0 
G 
(10) 
where II is the potential energy due to 
small radial displacement of the fluid 
with respect to its unperturbed 
configuration, and p is the radial 
coordinate between two rotating 
cylinders [5]. Then the strategy 
developed in [2] can be used. Indeed, 
the instabilty caused by the condition 
(10) is eliminated if some additional 
potential field 9 is applied such that 
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$ (n + i) = 0 (11) 
The potential ll can be induced, for ._ 
instance, by a rapidly oscillating 
force field: 
n =!I<2 
2 
, ‘; =if(&) * w * m (12) 
However, the same effect is caused by 
the inertia forces in a rapidly 
oscillating frame of reference whose 
transport velocity is equal to given 
by Equation (12). Hence, the sought 
feedback now must be taken in the form: 
L!c&+!y)=O 
It is worth noting that any 
"overstabilization" such as 
d2 
77 (n 
++>o 
(13) 
(14) 
cannot be obtained by oscillations of 
the frame of reference. Indeed, the 
averaging procedure of Equation (1) 
implies that the original motion is 
unstable, and therefore, it is 
represented by both smooth and 
non-smooth velocity components. 
Otherwise (i.e., when the original 
motion is smooth), the non-smooth 
relative and transport velocities must 
eliminate each other. Therefore, the 
feedback (13) is unique. 
3. Bxamole. In order to demonstrate 
the usefulness of the new approach we 
will turn again to the Taylor 
instability of a fluid with the 
vanishing viscosity (~'0) between two 
concentric rotating cylinders when 
r2 < r2 w2 2 01 1 (15) 
in which rl, r2, w 1,~ 2 are the radii 
and the angular velocities of the inner 
and outer cylinders, respectively. 
Considering the circumferential 
component of Equation (6): 
v (II” + $ - +) = 0 , (u' = $ , etc.) 
together with the feedback (13): 
(17) 
one obtains: 
u=ar+b 
r 
~2 = az(r:-r*) -4ab En k + b2($ 
where 
(18) 
$1 + c(r-rl) 
I (19) 
- 
c=bZ(!_-~)+4ab1n~+a(r:-r~) 
r: Pi 
(20) 
Equation (18) describes the 
distribution of the circumferential 
component of the mean velocity. In 
this particular case this distribution 
coincides with the laminar solution. 
Equation (19) describes the radial 
flow of fluctuation velocity 
c = ‘; f(&) , &T/w Id+- > J f2 dt = 1 (22) 
0 
which stabilizes the motion between 
cylinders. Two arbitrary constants 
following from Equation (17) are 
found from the non-slip conditions at 
the boundaries: 
7 (r = r,) = 0 , ^; (r = r2) = 0 
(23) 
Since the cylinders are of infinite 
length (a + - ), the problem is 
two-dimensional, and the radial 
fluctuation velocity (22) can be 
interpreted as a "projection" of the 
Taylor vortices onto the 
cross-sectional plan for the limit 
case 8 + m V + 0. 
It is worth mentioning that the 
solution (la), (19) is unique and it is 
obtained directly from the 
Navier-Stokes equations without any 
additional physical assumptions. 
Clearly, this solution gives a 
deterministic description of turbulence 
because it is reproducible: small 
changes in initial conditions lead to 
small changes in both mean and 
fluctuation velocities, i.e., in smooth 
and non-smooth components of the 
solution. 
4. Some Generalizations. Thus, the 
central problem of the closure in the 
new interpretation is to find such a 
coupling between the smooth and 
non-smooth components of the velocity 
which provides the stability of the 
solution. In the particular case Of 
the Taylor instability this Coupling 
was found (see Equation (17)). 
434 5th ICNN 
In the general case the main strategy 
can be based upon the following 
guiding principles. It is a well 
established fact that the criterion Of 
stability of the Navier-Stokes .- 
equations is expressed via the critical 
Reynolds number: 
R I R,, (24) 
which depends on the laminar velocity 
distribution, and consequently, is a 
functional of this velocity: 
R cr=%:) (25) 
Let us consider now some unstable 
laminar flow with a supercritical 
Reynolds number R*: 
R, > R,, (26) 
In this case the corresponding 
Orr-Sommerfeld equation will have 
eigenvalues with positive complex 
components: 
x = x(1) 
j j 
+ i ~(~1 , it*) > 0 , j=1,2,...k 
j j ( 27) 
ieading to amplification of waves in a 
certain band of frequencies ul la 2 a2 . 
Then the feedback (7) is supposed to be 
selected such that all the positive 
complex components xi vanish for all 
the frequencies al . . . . CM , 
simultaneously: 
x(2) = 0 , for aI 5 a 5 02 (28) 
j 
Hence, this feedback can be sought in 
the form: 
;n3=[+ -_ f( 6.v ‘1 v2 v R (29) * cr 
Indeed, substituting the feedback (29) 
into Equation (6) one arrives at a 
stabilized version of the Navier-Stokes 
equation which can be reduced to the 
following dimensionless form: 
SC + v p v + Eop = w 7* v (38) 
at cr 
where S and E are the Strouhal and 
Euler numbers, respectively, and V is 
the velocity of the ocigi.nnl laminar 
flow. 
The function f(V,V) is selected such 
that 
R,, (e) = Const , al < D < a2 t31) 
Indeed, in this case the ratio 
R 
R 
eff 
= cr (32) 
f( ;.v 1 
plays the role of a new (reduced) 
Reynolds number which provides the 
stability of the solutions, while the 
condition (31) guarantees that this 
stability will be held with respect to 
all the originally unstable 
frequencies, simultaneously. 
It is worth noting that violations of 
the conditions (31) would lead to 
"overstabilization" with respect to 
certain frequencies, which cannot 
occur in reality (see the comment to 
the inequality (14). 
The solution to Equation (30) described 
the mean velocity of the turbulent 
flow: 
v = v ( r. t) (33) 
Substituting this solution into the 
feedback (29) one finds the fluctuation 
velocity: 
; =G ( r, t) (34) 
and therefore, the total velocity iS 
presented in the form (3). 
One should notice that both the 
velocity components of the turbulent 
motion depend on the origipally 
unstable laminar velocity V. In other 
words, they depend on the degree of 
original instability. A similar 
result was obtained in [2]. 
In order to illustrate the 
computational feasibility of this 
approach let us apply the 
discretization technique in the form 
of finite differences to the 
Navier-Stokes equations. Then the 
governing equations for a stationary 
laminar flow can be written as: 
Alk fj ik + B; yj - Ci = 0 , i=l,Z.....n 
!35) 
where Adk, Bj, 
coefficients, 
Ci are the constant 
and vj is the vector of 
parameters characterizing the laminar 
flow. 
Introducing small laminar disturbances 
in the form: 
0 vj = "j eit , G! = Const 
J (38) 
one arrives at truncated analog of the 
Orr-Sommerfeld eguntions;: 
( : 6; + 2A! ; 
(37) 
JR k 
+ B;) ;j =O 
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is defined by the characteristic 
equation: 
Here 6; ’ is the Kronecker's 
The governing equation for 
turbulent flow (30) can be 
the form: 
= 0 (39) 
delta symbol 
a stationary 
sought in 
A:k vjvk + B; vj - Ci = Dj vj (40) 
where vJ' is the vector of parameters 
characterizing the turbulent flow. 
The analog of the Orr-Sommerfeld 
equation now will be: 
(~6; + 2A! Jk 'k 
+ B; - D;] v; = D 
(41) 
i 
where Vj is the vector of small 
turbulent disturbances, while 
i = Al, x2. . . . . . x, (42) 
is defined from the characteristic 
equation: 
Det (2Ajk vk + Bi - Di + X65) = D 
(43) 
The sought matrix Dj' 
such that 
must be selected 
(44) 
Indeed, in this case all the positive 
characteristic roots Xi > 0 causing 
the instability of the laminar flow 
will be made zero, while the rest Of 
the roots will be unchanged. 
In order to find D' from the condition 
(44) we will set id Equation (43) 
; Vk= k (45) 
as a first approximation. Then, 
diagonalizing the matrix 
{2A;, "k + B;} = F (46) 
such that 
8-l Fe = [aI , x2. -.. an1 (47) 
one obtains 
d(l) = +, (yi + (;$ 
1 (48) 
where 
8-l De = [dl (l), d(i) . . . . . d;')] (49) 
and 
D = (D;} (50) 
Hence, the first approsimation for the 
sought matrix D is: 
Dcl) = + e [%j + (;j (1 8-l (51) 
Substituting D(1) into the original 
equation (40) one finds the first 
approximation for the turbulent flow 
,zm&ers vj(l). The setting instead 
(1) Vk = Vk 
(52) 
one arrives at the second 
approximation, etc. 
DISCUSSION 
Thus it has been demonstrated that 
chaos in solutions to high Reynolds 
number Navier-Stokes equations can be 
eliminated by referring them to an 
appropriately selected frame of 
reference. 
What is the mathematical meaning of 
this procedure? It is well known that 
the concept of stability is related to 
a certain class of functions: the 
same solution can be stable in one 
class and unstable in another, 
depending on the definition of the 
18distance18 between two solutions. In 
such an interpretation the appearance 
of chaos in solutions to certain 
mathematical models means only that the 
corresponding physical phenomena cannot 
be described appropriately by smooth 
functions. That is why the transition 
to non-smooth functions is effective. 
Obviously, one cannot expect that the 
solution of the type (3) will describe 
all the peculiarities of the chaotic 
behavior: it will rather extract the 
most essential properties of the 
motion, i.e., such properties which 
are reproducible,and therefore, have 
certain physical meaning. Indeed, 
the main obstacle in mathematical 
modelling of chaos is not its 
complexity, but rather its instability; 
the motion cannot be reproduced no 
matter how precisely the experiments 
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are performed. That is why the 
description of all the details of 
chaotic motions (which probably can be 
performed by using, for instance, 
methods of fractal geometry) is .- 
meaningful only if these details are 
reproducible. 
In this interpretation the solution 
(3) is the first step in describing 
reproducible and physically meaningful 
features of chaotic motions. 
It is worth emphasizing that in all 
the chaotic motions including 
.turbulence the non-smooth (fluctuation 
velocity) term is defined by the 
original degree of instability. In 
classical dynamics this result was 
illustrated in [2]. For turbulence it 
follows from Equation (51): indeed, 
the matrix D which expresses the 
"turbulent viscosity" is defined by 
the characteristic roots Xi of the 
original laminar motion. Thus, in 
contrast to opinions of some scientists 
[7] that the theory of stability of 
laminar motions "has no relevance to 
turbulence", in our interpretation 
there is a strong "continuity" between 
the laminar and turbulent flows: the 
criteria of instability of laminar 
flows give not only qualitative 
characteristics of the onset of 
turbulence, but they also define 
quantitatively the fluctuation velocity 
term in solutions describing 
turbulence. 
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